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Abstract. The current process of vibratory stress relief is limited by centrifugal force produced 
by eccentric motor since the excitation frequency is mostly less than 200 Hz. The workpiece with 
high structural stiffness cannot generate enough dynamic stress by the traditional method. In the 
present work, the vibratory residual stress using pure lateral resonance and the theory of coupled 
lateral-torsional resonance are compared by the finite element method. Due to the interaction 
between lateral vibration and torsional vibration, the torsional vibration generated by external 
lateral excitation can induce coupled lateral-torsional resonance. The large enough dynamic stress 
is obtained to reduce the residual stress. The principle to reduce residual stress is analyzed by the 
Unified strength theory. Numeric solutions are obtained to describe the parametric condition to 
design the device of vibratory stress relief using coupled lateral-torsional resonance. The operating 
principle of the related device is introduced. 
Keywords: vibratory stress relief, coupled lateral-torsional resonance, operating principle. 
1. Introduction 
Vibratory stress relief (VSR) is an effective method to reduce the residual stress compared 
with the natural aging and thermal stress relief. It has the advantages of low energy consumption 
and dramatic reduction of pollution. It can prevent from the oxidation and cracking during thermal 
treatment. It also can prevent from creating new stress during thermal treatment. There are many 
VSR devices designed to reduce the residual stress in recent years. Vardanjani M. J., Ghayour M., 
Homami R. M. [1] set up an experiment to relieve the residual stress of a beam. The beam is 
clamped by a tool holder and an eccentric cam-like part is coupled to spindle by the chuck use. 
The rotating spindle forces the cam to produce cycle load, which is applied to the beam. Jia-Siang 
Wang, Chih-Chun Hsieh, Hsuan-Han Lai, et al. [2] designed a simple cantilever beam vibration 
system to study the relaxation of residual stress. Both the simple cantilever beam and vibration 
motor were mounted on a vibration platform. Lv T., Zhang Y. [3] designed a vibration platform 
to generate the desired dynamic stress for the reduction of residual stress. The small workpieces 
are not suitable to be treated directly with the eccentric mass motor because they are too small to 
be clamped. A. Jurčius, A. V. Valiulis, O. Černašejus, et al. [4] clamped the eccentric mass motor 
to the workpiece directly. The dynamic stress was calculated by the finite element method. Despite 
many studies about vibration treatment have been done for decades, the application scope has been 
limited and enormous potential has not yet been tapped. The most important reason is that the 
lowest natural frequencies of many workpieces are much higher than the frequency produced by 
a current exciter of VSR equipment. The workpiece cannot produce resonance and create enough 
dynamic stress. 
Several mill rollers are fixed on the platform and shake together with the exciter, as shown in 
references [5, 6]. Due to the excitation frequency of vibration exciter is still much lower than the 
natural frequency of the workpiece with high stiffness, the workpiece is difficult to produce 
resonance and create enough elastic deformation. Though the overall assembly can produce 
resonance at a low frequency excitation since the overall stiffness of the workpiece and platform 
is low, the high stiffness workpieces will not produce elastic deformation. They are only in the 
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form of rigid-body motions with the overall structure, without elastic deformation. Improper 
methods may have been adopted in the engineering practice due to the inadequate understanding 
of mechanical vibration.  
Lihai Wang [7] introduced a VSR method using the spectral harmonic to reduce the workpiece 
with high stiffness. He alleged that the spectral analyzer can find the several proper vibration mode 
of the workpiece, but the excitation is still supplied by the traditional vibration exciter, which 
excitation frequency (50 Hz) is far from 200 Hz. According to the vibration theory, this method 
may not achieve the reduction of the residual stress since elastic deformation will not be generated 
in a high stiffness workpiece under low frequency excitation. The dynamic stresses are combined 
with residual stresses, may exceed the yield strength of the material, and induce local plastic 
deformation and relaxation of residual stresses [8]. This principle has been widely accepted all 
over the world. In order to reduce the residual stress by the VSR, enough dynamic stress should 
be applied to the workpiece; in order to generate elastic deformation and dynamic stress in the 
workpiece under resonance, proper amplitude of exciting force and frequency must meet the 
resonance condition. This is an objective law that cannot be evaded. 
Zeng Lingtai, Zhu Shigen, et al. [9] also alleged that they could treat a high stiffness workpiece 
with the VSR progress. However, the excitation scheme they proposed was the current common 
vibration system, which excitation frequency is only 88 Hz. The workpiece was low resonance 
with the natural frequency of 88 Hz. He employed an ordinary concept, i.e. the dynamic 
magnification factor (DMF) to describe the ratio of dynamic displacement amplitude and static 
displacement amplitude. However, the input and output frequency of the linear system haven’t 
been changed, the low frequency excitation is unable to excite the high stiffness workpiece to 
generate resonance.  
To date, according to researches and applications in the world, the problem of VSR for high 
stiffness workpiece has not been effectively solved. In the engineering practice, there is a large 
number of high stiffness workpieces which cannot be treated with the VSR. In this case, Ganwei 
Cai [10] proposed a method to reduce the residual stress of shaft parts with high stiffness by 
coupled lateral-torsional resonance. Zhang Yong [11] derived the partial differential equations of 
coupled lateral-torsional vibration and made a conclusion: owing to the mass unbalance, harmonic 
flexural vibration might result in harmonic torsional vibrations, which frequencies were equal to 
the sum, difference of the rotation frequency and the flexural vibration frequency; harmonic 
torsional vibration might also result in harmonic flexural vibrations, which frequencies were equal 
to the sum, difference of the rotation frequency and torsional vibration frequency; when the 
rotation frequency equaled the sum or the difference of the natural frequency of flexural vibration 
and torsional vibration, the coupling flexural-torsional resonance might occur. He indicated that 
the interaction between flexural vibration and torsional vibration was weak, when the rotation 
frequency equaled the sum or the difference of the natural frequency of flexural vibration and 
torsional vibration, if there was an external excitation equal to the flexural/torsional natural 
frequency, the flexural resonance and torsional resonance would strengthen each other. He 
verified the related theory by experiment of torsional vibration excitation and hammer excitation. 
Chengbin He, Yujiong Gu, et al. [12] also concluded that the interaction between lateral vibration 
and torsional vibration was weak. When the rotation frequency equals the sum or difference of the 
flexural vibration frequency and torsional vibration frequency, if there is some kind of excitation 
caused by lateral/torsional vibration, which frequency equals to lateral/torsional natural frequency, 
the lateral vibration and torsional vibration will strengthen each other, strong resonance response 
will be created. Hiroyuki Fujiwara, Tadashi Tsuji, et al. [13] derived an equation for the motion 
of the bending-torsion coupled 2 DOF system, and the coupled resonance was verified by 
numerical simulations: bending-torsion coupled resonance occurred when the rotational speed Ω 
൫= 2ߨΩ௥௣௦൯ was equal to the sum/difference of the bending natural frequency ߱௕ (= 2ߨ ௕݂) and 
torsional natural frequency ߱ఏ (= 2ߨ ఏ݂). In addition, confirmation of this resonance phenomenon 
was shown by an experiment: when the rotor was excited in the horizontal direction at bending 
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natural frequency, large torsional vibration appeared; on the other hand, when the rotor was 
excited by torsion at torsional natural frequency, large bending vibration appeared. 
Theory of coupled lateral-torsional vibration is usually applied to predict the response of 
unbalance rotor subjected to electrical fault [14], response of crack rotor [15], motion of the 
rotor_bearing system with nonlinear bearing and damper forces [16], response of the gear 
engagement [17], et al. The coupled lateral-torsional resonance has the properties of combination 
resonance, i.e. it has the relation of sum or difference between rotational frequency, lateral natural 
frequency and torsional natural frequency. It means that lateral resonance and torsional resonance 
can be easy to occur at a relatively low rotational speed at the same time. Due to the small 
eccentricity of the rotating system, the coupled vibration may not threaten the operation in 
engineering unless potential fatigue damage. This provides ideas for the use of this method to 
reduce residual stresses. 
The larger is the amplitude that the vibratory stress relief has, the better is the treatment [18]. 
Guan Zhuohuai and Cai Ganwei [19] studied the parameters selection of VSR device using 
bending-torsion coupling. They indicated the amplitude of the coupling resonance is related to the 
speed of the rotating speed and the torque of the external excitation, when the rotating frequency 
is equal to the lateral natural frequency and the torsional natural frequency, the maximum 
amplitude of the coupling resonance occurs when the frequency of the external torque excitation 
is equal to the torsional natural frequency.  
According to the above summary, the coupled lateral-torsional resonance occurs when the 
rotational frequency is equal to the sum or difference of the lateral natural frequency and the 
torsional frequency, but the coupled interaction between the lateral vibration and torsional 
vibration is weak. If there is an external excitation, then the lateral vibration and torsional vibration 
will strengthen each other. When the external excitation frequency equals to the natural frequency, 
strong vibration will produce. In this paper, the theory of coupled lateral-torsional resonance is 
applied to determine the designing parameters of VSR device, numerical solutions of traditional 
method and the proposed method is compared to indicate operating principle of the proposed VSR 
device. 
 
a) 
 
b) 
Fig. 1. VSR Device using pure lateral resonance 
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2. VSR device using pure lateral vibration 
The shaft workpiece is fixed on the support using the method illustrated in publication [4]. The 
shaft is divided into 22 elements. Node 1 and node 23 are clamped by a rigid support. The eccentric 
mass motor is clamped to node 12 by fixture. Point ܲ is located at node 15. With the traditional 
method, the eccentric mass motor should produce an impact force with the frequency equaled to 
the 1st lateral natural frequency. Fig. 1 shows the VSR Device using pure lateral resonance. Due 
to the limitation of the eccentric mechanism, the impact frequency of most eccentric mass motor 
may not exceed 200 Hz. In this case, high frequency excitation method such as ultrasonic vibration 
should be applied. 
The natural frequency of the main shaft can be calculated by the finite element. Due to all the 
freedoms of node 1 and node 23 have been fixed, the 1st order lateral natural frequency of the 
main shaft is up to 332.39 Hz. Set the excitation force and excitation frequency of the eccentric 
mass motor to be 1000 N and 332.39 Hz, respectively. The displacement response and dynamic 
stress of point ܲ can be plotted in Fig. 2 and Fig. 3, respectively. 
As it can be seen from Fig. 2, the peak value of 332.5 Hz is approximately equal to the 1st 
order lateral natural frequency. Though the shaft is vibrating in the resonance condition, the 
dynamic stress in Fig. 3 is very small. To produce enough dynamic stress, the excitation should 
be enlarged, but the restrictive condition cannot be ignored. 
 
a) 
 
b) 
Fig. 2. Displacement response of pure lateral resonance 
 
Fig. 3. Dynamic stress of pure lateral resonance 
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3. VSR device using coupled lateral-torsional resonance 
Schematic diagram of VSR device using coupled lateral-torsional resonance is shown in  
Fig. 4. It consists of the main coupled lateral-torsional resonance system (1-9, 24) and torsional 
excitation system (12-23, 24). Start the motor 1 and adjust the rotational frequency ܣ to make it 
equal to the difference of the lateral natural frequency ܤ and torsional natural frequency ܥ of shaft 
5, i.e. ܣ = ܥ– ܤ. Start the motor 20, which rotational frequency is equal to motor 1, adjust the 
frequency of the impact hammer 23 to produce a torsional vibration, which torsional frequency ܧ 
is equal to the sum of hammer frequency ܦ and the rotational frequency ܣ of motor 20. The 
frequency of torsional vibration ܧ is created to equal to the torsional natural frequency of shaft 5, 
i.e. ܧ = ܥ. Connecting clutch 9 and 12, the torsional excitation ܧ of shaft 14 is applied to shaft 5 
to induce torsional resonance. Due to the coupled characteristic, the torsional resonance and lateral 
resonance strengthen each other and enough dynamic stress will be generated to reduce the 
residual stress. 
 
Fig. 4. VSR Device using coupled lateral-torsional resonance 
4. Parameter conditions of coupled lateral-torsional resonance  
The torsional/lateral mode coupling mechanism is related to the eccentricity of the bending 
and twisting centers along the rotor [20]. Therefore, the characteristic of the unbalance mass 
should be added to the shaft. When the rotational frequency Ω is equal to the sum or difference of 
the natural frequency of torsional vibration ߱௧଴ and lateral natural frequency ߱଴, the coupled 
lateral-torsional resonance will occur; if there is an external lateral vibration of ߱଴, a torsional 
vibration of ߱௧଴ will occur, an additional lateral vibration of ߱଴ will be occurred by this ߱௧଴, the 
external flexural vibration will be strengthened by the additional lateral vibration. If there is an 
external torsional vibration of ߱௧଴, a lateral vibration of ߱଴ will occur, an additional torsional 
vibration of ߱௧଴ will occur due to this ߱଴, the external torsional vibration will be strengthened by 
the additional torsional vibration [21]. To determine the resonance parameters of lateral and 
torsional coupling, Campbell diagram, i.e. the relationship between rotational speed and natural 
frequency should be calculated first. Adding the eccentric mass on the disc, setting the rotational 
frequency of the shaft and applying the external excite force or torque to the shaft, the dynamic 
stress produced by the coupled lateral-torsional resonance can be used to reduce the residual stress. 
To induce coupled lateral-torsional resonance easily, the low order lateral and torsional mode 
should be adopted. 
5. Designing of VSR device 
5.1. Mathematical model 
The shaft workpiece supported on bearing as shown in Fig. 5. The natural frequency of the 
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shaft is large due to the high stiffness. Adding an extended shaft coupled to the end of the main 
shaft, the moment of inertia of the system increases, and the torsional natural frequency decreases 
[22], as shown in Fig. 6. The yield strength of the steel material is 235 MPa, the density is  
7800 kg/m3, elastic modulus is 200 GPa, and Poisson’s ratio is 0.3. 
 
Fig. 5. Main VSR rotor-bearing system 
The model of rotor-bearing system is established by the finite element method. The gyroscopic 
effect and moment of inertia are taken into account. The Multi-Degree-of-Freedom model is more 
precise than models in [13, 21] and can be analyzed quantitatively. Each node of element has 5 
degrees of freedom. The disk and coupling are assumed to be rigid and simplified as a mass point 
with the gyroscopic effect and moment of inertia. The axial direction of the rotating shaft is  
ݖ-direction; two transverse directions are ݔ and ݕ-directions. The disk 1 is located at node 12 of 
the main shaft. The inner diameter is 165 mm, the outer diameter is 350 mm, and the thickness is 
30 mm.  
The extended shaft is split into 7 elements. The disk 2 is located at node 27, the inner diameter 
is 50 mm, the outer diameter is 400 mm, and the thickness is 50 mm. The rigid coupling is located 
at node 23. The motor is connected to node 1. Assuming that the stiffness of the bearing is  
1×109 N/m and the damping of the bearing is neglected. 
 
Fig. 6. Extended shaft 
Assembling the mass matrix and stiffness matrix of the shaft and disc, the gyroscopic matrix 
and the stiffness coefficient of the bearing by the standard finite element procedure, the system 
equation of coupled lateral-torsional vibration can be gained: 
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ۻܙሷ + (Ω۵ + ۱)ܙሶ + ۹ܙ = ۴, (1)
where ܙ is the global displacement vector, ۻ, ۵, ۱ and ۹ are mass matrix, gyroscopic matrix, 
damping matrix and stiffness matrix, respectively. Force vector ۴ consists of unbalance excitation 
and external excitation. ۻ, ۵, ۱ and ۹ can be seen in references [23, 24]. These matrices can only 
be used to solve the natural frequency and unbalance response. To solve the transient response of 
coupled lateral-torsional resonance, the matrix of dynamic eccentric mass needs to be added to the 
system equation. 
 
Fig. 7. Coordination system and deformation configuration 
In Fig. 7, ܺ-ܻ  is the inertial reference frame, ݔ௠ -ݕ௠  is a body coordinate system of the  
disk-mass which is rotating with the torsionally un-deflected system. ݔ-ݕ is a body coordinate 
system of the disk which is attached to the disk and exhibits all its motions. ߠௗ = Ωݐ is the angle 
of rigid-body rotation, Ω is the rotational speed, ߰ௗ is the torsional deflection angle, ݉௨ is the 
mass unbalance, ݁ is the distance between ݉௨ and the disk center, ݁௫ and ݁௬ are the components 
of the vector ܍ = [݁௫ ݁௬ሿ் in ݔ-ݕ frame. ߛௗ and ݁ represent the location of the unbalance mass, 
ܴ௖ and ߶ௗ represent the location of the center of the unbalance mass. 
The kinetic energy of the dynamic unbalance mass can be expressed as [25]: 
௨ܶ =
1
2 ݉௨܀ሶ ௘்܀ሶ ௘. (2)
Assuming that the torsional deformation is small, cos߰ௗ ≈ 1, sin߰ௗ ≈ ߰ௗ, the global position 
vector of the mass unbalance can be written as: 
܀௘ = ቄݔ௨ݕ௨ ቅ + ൤
cosߠௗ −sinߠௗ
sinߠௗ cosߠௗ ൨ ൤
cos߰ௗ −sin߰ௗ
sin߰ௗ cos߰ௗ ൨ ቂ
݁௫
݁௬ቃ
              ≈ ቄݔ௨ݕ௨ ቅ + ൤
cosߠௗ −sinߠௗ
sinߠௗ cosߠௗ ൨ ൤
1 −߰ௗ
߰ௗ 1 ൨ ቂ
݁௫
݁௬ቃ
              = ൜ݔ௨ + (݁௫ − ߰ௗ݁௬)cosߠௗ − (߰ௗ݁௫ + ݁௬)sin߰ௗݕ௨ + (݁௫ − ߰ௗ݁௬)sin߰ௗ − (߰ௗ݁௫ + ݁௬)cosߠௗ ൠ ,
 (3)
where ݔ௨  and ݕ௨  are the horizontal displacement and vertical displacement of the unbalanced 
mass at any moment in the ܺ-ܻ coordinate system, respectively. The derivative of global position 
vector can be written as: 
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܀ሶ ௘ =
ۖە
۔
ۖۓݔሶ௨ − ߠሶௗ݁௫sinߠௗ − ሶ߰ ௗ݁௬cosߠௗ + ߠሶௗ߰ௗ݁௬sinߠௗ −ሶ߰ ௗ݁௫sinߠௗ − ߠሶௗ߰ௗ݁௫cosߠௗ − ߠሶௗ݁௬cosߠௗ
ݕሶ௨ + ߠሶௗ݁௫cosߠௗ − ሶ߰ ௗ݁௬sinߠௗ − ߠሶௗ߰ௗ݁௬cosߠௗ +
ሶ߰ ௗ݁௫cosߠௗ − ߠሶௗ߰ௗ݁௫sinߠௗ − ߠሶௗ݁௬sinߠௗ ۙۖ
ۘ
ۖۗ
. (4)
Substituting Eq. 4 into Eq. 2, the kinetic energy of the dynamic unbalance mass can be written 
as: 
௨ܶ =
݉௨(ݔሶ௨ଶ + ݕሶ௨ଶ)
2 + ݉௨
[( ሶ߰ ௗ݁)ଶ + (ߠሶௗ݁)ଶ + ൫ߠሶௗ ሶ߰ ௗ݁)ଶ൧
2  + ݉௨ߠሶௗ ሶ߰ ௗ݁
ଶ+݉௨ ሶ߰ ௗݕሶ௨ܣଶ 
     −݉௨ ሶ߰ ௗݔሶ௨ܣଵ − ݉௨ߠሶௗݕሶ௨߰ௗܣଵ + ݉௨ߠሶௗݕሶ௨ܣଶ − ݉௨ߠሶௗݔሶ௨ܣଵ − ݉௨ߠሶௗݔሶ௨߰ௗܣଶ,
 (5)
where: 
݁ଶ = ݁௫ଶ + ݁௬ଶ,    ܣଵ = ݁௫sinߠௗ − ݁௬cosߠௗ,    ܣଶ = ݁௫cosߠௗ − ݁௬sinߠௗ. 
Substituting the kinetic and potential energy expressions into the Lagrange’s equation and 
writing them in the matrix form, the motion of dynamic unbalance mass can be written as: 
ۻ௨ܙሷ ௨ + ۱௨ܙሶ ௨ + ۹௨ܙ௨ = ۴௨, (6)
where: 
ۻ௨ =
ۏ
ێ
ێ
ێ
ۍ ݉௨ 0 0 0 −݉௨݁sinߠௗ0 ݉௨ 0 0 ݉௨݁cosߠௗ
0 0 0 0 0
0 0 0 0 0
−݉௨݁sinߠௗ ݉௨݁cosߠௗ 0 0 ݉௨݁ଶ ے
ۑ
ۑ
ۑ
ې
,     ۴௨ =
ۏ
ێ
ێ
ێ
ۍ݉௨݁ߠሶௗଶcosߠௗ݉௨݁ߠሶௗଶsinߠௗ
0
0
0 ے
ۑ
ۑ
ۑ
ې
. 
۱௨ =
ۏ
ێ
ێ
ێ
ۍ0 0 0 0 −2݉௨ߠሶௗ݁cosߠௗ0 0 0 0 −2݉௨ߠሶௗ݁sinߠௗ
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 ے
ۑ
ۑ
ۑ
ې
,     ۹௨ =
ۏ
ێێ
ێێ
ۍ0 0 0 0 ݉௨ߠሶௗଶ݁sinߠௗ0 0 0 0 −݉௨ߠሶௗଶ݁cosߠௗ
0 0 0 0 0
0 0 0 0 0
0 0 0 0 −݉௨݁ଶߠሶௗଶ ے
ۑۑ
ۑۑ
ې
, 
(7)
and ܙ௨ is the generalized coordinate vector of the dynamic unbalance mass. 
5.2. Determination of rotational speed 
Cangioli, Filippo, et al. [26] employed the Comsol software to calculate the CAMPBELL 
diagram, plotting the lateral natural frequency and torsional natural frequency over a rotational 
speed range. In this paper, the related images can be obtained by the numerical analysis. In rotor 
dynamics, the matrices of system become asymmetric due to the effects of anisotropic bearings 
and gyroscopic moments, the QR damp method will be used. State vectors are introduced to solve 
the problem. When solving the natural frequency, the solution of the 2nd order differential 
equation of motion can be found by rewriting Eq. (1) into a system of 1st order differential 
equations. By defining a state vector: 
ܠ = ሼܙ ܙሶ ሽ். (8)
Eq. (8) can be written in the state vector form as: 
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ܠሶ = ۯܠ + ۰, (9)
where: 
ۯ = ൤ ૙ ۷−ۻିଵ۹ −ۻିଵ(۱ + Ω۵)൨ ,   ۰ = ቂ
૙
ۻିଵ۴ቃ. (10)
The eigenvalues and eigenvectors of matrix ۯ are the corresponding natural frequencies and 
mode shapes of the rotor-bearing system. Setting a rotational speed range and intervals, the natural 
frequency of each speed can be obtained, as shown in Fig. 8. 
 
Fig. 8. Natural frequency and critical speed 
The relationship between the natural frequency and the rotational speed of the rotating shaft 
can be seen in Fig. 8. Gyroscopic effect causes the forward whirl speed to increase and the 
backward whirl speed to decrease [27]. The horizontal line in the plot represents the torsional 
vibration natural frequency [28]. The rotational speed of 3438 rpm corresponds to the rotational 
frequency of 57.3 Hz. At this rotational speed, the 1st order torsional natural frequency is 161 Hz, 
and the 1st order lateral natural frequency is 103.8 Hz, as shown in Fig. 8. Frequency  
57.3 + 103.8 = 161.1 – 161 Hz meets the coupled lateral-torsional resonance condition. So, the 
rotational speed of the shaft is set to be 3438 rpm. 
5.3. Dynamic response of coupled lateral-torsional resonance 
The displacement response is solved by the integration method Newmark-ߚ using a MATLAB 
routine. The mathematical calculation procedure of Newmark-ߚ is as follows: 
1. Initial calculation: 
(1) Compute system matrices ۻ, ۹ and ۱ + Ω۵; 
(2) Initial displacement, velocity and acceleration: ܙ଴, ܙሶ ଴ and ܙሷ ଴; 
(3) Choose integration time step Δݐ =  0.001 s, ߛ =  0.5 and ߚ =  0.25, the integration  
constants: 
ߙ଴ =
1
ߛΔݐଶ ,   ߙଵ =
ߚ
ߛΔݐ,   ߙଶ =
1
ߛΔݐ,   ߙଷ =
1
2ߛ − 1,   ߙସ =
ߚ
ߛ − 1,   ߙହ =
Δݐ
2 ൬
ߚ
ߛ − 2൰, 
ߙ଺ = Δݐ(1 − ߚ),   ߙ଻ = ߚΔݐ. 
(4) Compute the effective stiffness matrix: 
۹ഥ = ۹ + ߙ଴ۻ + ߙଵ(۱ + Ω۵). 
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2. For each time step: 
(1) Compute the effective force vector at time ݐ + Δݐ: 
۴ത௧ା୼௧ = ۴௧ା୼௧ + ۻ(ߙ଴ܙ௧ + ߙଶܙሶ ௧ + ߙଷܙሷ ௧) + (۱ + Ω۵)(ߙଵܙ௧ + ߙସܙሶ ௧ + ߙହܙሷ ௧). 
(2) Find the displacement at time: 
۹ഥܙ௧ା୼௧ = ۴ത௧ା୼௧. 
(3) Find the acceleration and velocity at time: 
ܙሷ ௧ା୼௧ = ߙ଴(ܙ௧ା୼௧ − ܙ௧) − ߙଶܙሶ ௧ − ߙଷܙሷ ௧,   ܙሶ ௧ା୼௧ = ܙሶ ௧ + ߙ଺ܙሷ ௧ + ߙ଻ܙሷ ௧ା୼௧.  
3. Repeat step 2 for next time step. 
Design the rotating shaft of the torsional excitation system, as shown in Fig. 9. The length of 
the shaft is 560 mm. It is divided into 14 elements. The bearing stiffness is 1×109 N/m, the bearing 
damping is neglected. The eccentric disc is located at the node 8, the inner diameter is  
30 mm, the outside diameter is 200 mm, the thickness is 20 mm, and the motor is connected with 
the node 15. The material is the same as the shaft in the main VSR rotor-bearing system. 
 
Fig. 9. Torsional excitation system 
According to the above mentioned definition of lateral-torsional coupling, the hammer 
excitation can create a torsional vibration, which frequency is equal to the natural frequency of 
the main VSR rotor-bearing system. The 1st order torsional natural frequency of the main VSR 
rotor-bearing system is 161 Hz. When the hammer excitation frequency equals the difference of 
the 1st order torsional natural frequency of the main VSR rotor-bearing system and the rotational 
frequency, i.e. 161–57.3 = 103.7 Hz, the torsional vibration of 161 Hz will be created. The 
eccentricity at node 8 of the torsional excitation system is 0.003 kg·m. The rotational frequency 
of the torsional excitation rotating shaft is equal to the main VSR rotor-bearing system with the 
same direction of rotation. Applying a hammer excitation to the node 10 of the shaft 14, the 
hammer force amplitude is 1000 N, and the hammer frequency is 103.7 Hz, the lateral response 
of node 5 and the torsional vibration response of node 1 can be solved by the transient analysis, 
as shown in Fig. 10. 
As it can be seen from Fig. 10(a), both the rotating frequency and hammering frequency  
appear. There is a torsional vibration response peak 160.9-161 Hz, as shown in Fig. 10(b). Due to 
the coupled interaction between lateral vibration and torsional vibration, there is a lateral vibration 
response peak 161.3 Hz in Fig. 10(a).  
The lateral response without hammer excitation of node 5 and the torsional vibration response 
of node 1 can be seen in Fig. 11(a) and Fig. 11(b). 
A comparison between Fig. 10 and Fig. 11 shows that though the rotational speed is equal to 
the difference of lateral natural frequency and torsional natural frequency, if the hammer 
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excitation is not applied, the torsional vibration response approximately to the 1st order torsional 
natural frequency (161 Hz) of the main VSR rotor-bearing system will not be produced. So it is 
necessary to apply the force hammer excitation. 
 
a) Lateral response of torsional excitation system 
 
b) Torsional response of torsional excitation system 
Fig. 10. Response of torsional excitation system 
 
a) Lateral response of torsional excitation system 
 
b) Torsional response of torsional excitation system 
Fig. 11. Response of torsional excitation system (no hammer excitation) 
 
a) Lateral response of main VSR  
rotor-bearing system 
 
b) Torsional response of main VSR  
rotor-bearing system 
Fig. 12. Response of main VSR rotor-bearing system 
The eccentricity at node 12 of the main VSR rotor-bearing system is 0.006 kg·m. Applying 
the torsional vibration created by the torsional excite system to node 30 of the main VSR 
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rotor-bearing system and setting the motor output torque to be 70 N/m, the lateral vibration and 
torsional vibration response of node 15 on the main VSR rotor-bearing system can be solved, as 
shown in Fig. 12(a) and Fig. 12(b). 
The peak frequency 57.31-57.3 Hz in Fig. 12(a) is the rotational speed of the motor. Due to 
lateral-torsional coupling, the asynchronous lateral vibration 101-103.8 Hz occurs. It is 
approximately to the 1st order lateral natural frequency, and the 1st order lateral resonance will 
be excited. Due to the interaction between the torsional vibration and lateral vibration, a lateral 
vibration response of 160.9-161 Hz approximately equals to the torsional excitation frequency, as 
shown in Fig. 12(a). As it can be seen from Fig. 12(b), the torsional vibration response of  
160.9-161 Hz will induce the 1st torsional resonance. To gain larger amplitude of torsional 
vibration, the hammer force and eccentric mass should be raised. 
5.4. Dynamic stress of coupled lateral-torsional resonance 
After solving the displacement response, the strain and stress can be calculated by the 
geometrical equations and physical equations by MATLAB code [29]. The principal stresses ߪଵ, 
ߪଶ and ߪଷ can be solved by the stress state of three-dimension stress element. The stress state at a 
point (element) is determined by the combination of three principal stresses ߪଵ, ߪଶ and ߪଷ. Any 
complicated stress state may be converted into a twin shear stress state. When the shaft induces 
lateral and torsional resonance, arbitrary node on the shaft is under complex stress state. Von 
Mises criterion is the mainly yield criterion for material [30]. Maohong Yu [31] proposed the 
Unified Strength Theory, which is suitable to analyze the workpiece serviced in complex stress 
state. He indicated that the Tresca criterion (1864), von Mises criterion (1913), and twin-shear 
stress criterion (Yu 1961) can be suitable for those materials that have the identical strength both 
in tension and compression, the shear yield stresses are ߬௬ = 0.5 ߪ௬ and ߬௬ = 0.577 ߪ௬ and ߬௬ = 
0.667 ߪ௬, respectively, where ߬௬ is the shear yield strength and ߪ௬ is the uniaxial yield strength of 
materials. In the present work, the Unified Strength Theory is used to analyze the reduction of the 
residual stress by coupled lateral-tosional resonance. 
Micro plastic deformation leaded to reduction of residual stress is caused by the shear stress 
[32]. Therefore, the shear stress is the main parameter of the material yield. The twin-shear 
criterion assumes that the yielding of materials begins when the sum of two larger principal shear 
stresses reaches the yield limit of the materials [31]: 
|߬ଵଷ| + |߬ଵଶ| = ߪଵ −
ߪଶ + ߪଷ
2 = ߪ௦,    |߬ଵଶ| > |߬ଶଷ|, (11)
|߬ଵଷ| + |߬ଶଷ| =
ߪଵ + ߪଶ
2 − ߪଷ = ߪ௦,    |߬ଵଶ| < |߬ଶଷ|, (12)
where ߬ଵଷ = (ߪଵ − ߪଷ)/2 , ߬ଵଶ = (ߪଵ − ߪଶ)/2  and ߬ଶଷ = (ߪଶ − ߪଷ)/2  are three principal shear 
stresses, respectively.  
Assuming that the shaft is made of material with the same strength both in tension and in 
compression (߬௬ = 0.667 ߪ௬), the twin-shear stress criterion is chosen. Point ܲ is the concentrated 
area of residual stress, as shown in Fig. 1. According to the analysis above, adding the support 
bearings and unbalance mass, the twin-shear stress response of the rotating shaft is obtained by 
the action of torsional excitation and eccentric excitation during 3 seconds, as shown in Fig. 13. 
As it can be seen from Fig. 13, there are obvious dynamic stresses occurred at point ܲ. They 
are approximately to 70 MPa. According to the position and the value of the residual stress, enough 
dynamic stress can be produced by increasing the motor eccentricity and torque amplitude. If there 
is a torsional excitation motor which can provide alternative torque while rotating, the torsional 
excitation system shown in Fig. 4 can be replaced to achieve the purpose of coupled lateral-torsion 
resonance. 
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Fig. 13. Stress response of coupled lateral-torsional resonance 
6. Discussion 
Comparing the vibration stress relief using pure lateral resonance and coupled lateral-torsional 
resonance, the dynamic stress produced by the pure lateral resonance is far below the dynamic 
stress produced by the coupled lateral-torsional resonance. The advantage of VSR using coupled 
lateral-torsional resonance is that:  
1) The natural frequency especially the difference of lateral natural frequency and torsional 
natural frequency can be adjusted by the extended shaft. The processes of traditional methods are 
relatively monotonous. 
2) Both the lateral resonance and the torsional resonance can be excited by the proposed 
method. The shaft is subjected to multi-direction excitation. The vibration energy will be 
transmitted more homogeneous. It is helpful to treat the high stiffness workpiece as per the 
proposed method. 
7. Conclusion 
In this paper, the theory of coupled lateral-torsional resonance was applied to a VSR device. 
Modal analysis and transient analysis were applied as per the finite element method. The paper 
presents opinions of the operating principle which can be concluded as follows: 
1) The natural frequency of the main shaft had been reduced from 332.39 Hz to 103.8 Hz. The 
designing parameters of VSR device were determined by the characteristics of coupled resonance. 
The rotational frequency was set to be the difference of lateral natural frequency and torsional 
natural frequency. Both the rotational frequency (57.3 Hz) and excitation frequency (103.7 Hz) of 
hammer are less than 200 Hz, which makes the operation easier to be achieved. The proposed 
method is more flexible to adjust the process for a workpiece with high stiffness. The shaft of 
torsional excite system should be slender, i.e. the shaft with relatively large aspect ratio. On the 
one hand, comparing with the shaft with small aspect ratio, greater torsional vibration of shaft 
with large aspect ratio should be created under the same hammer excitation; on the other hand, 
shaft with large aspect ratio subjected to hammer excitation should cause less torque loss. 
2) The traditional method using pure lateral resonance and the proposed method were 
compared. The dynamic stress (70.7 MPa) produced by coupled resonance was larger than 
dynamic stress (2.5 MPa) produced by pure lateral resonance under the same value of excitation 
force, i.e. 1000 N.  
3) The chosen yield criterion depends on the material served in a complex stress state. The 
Unified Strength Theory contains the Von Mises yield criterion and makes the operation accurate 
and effective. 
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